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Abstract 


For one-dimensional symmetric Levy processes, which hit every point with positive 
probability, we give sharp bounds for the tail function P*(rg > t), where Tb is the first 
hitting time of B which is either a single point or an interval. The estimates are obtained 


under some weak type scaling assumptions on the characteristic exponent of the process. 

We apply these results to prove optimal estimates of the transition density of the process 
killed after hitting B. 

1 Introduction 

The purpose of this paper is to investigate the distribution of the hrst hitting time of a point 
or an interval by a symmetric Levy process such that {0} is regular for itself. Such processes 
hit points with positive probability. Our main results, under certain regularity assumptions, 
provide sharp estimates of the tail function P^(To > t),t > 0, where Tq is the hrst hitting 
time of the point 0 by the process starting from x. We further derive similar estimates for the 
hrst hitting time of an interval of a given width, under some weak scaling assumption on the 
characteristic exponent ijj of the process. We also hnd the asymptotic behaviour of the tail 
function either for the hrst hitting time of a point or a compact set under the assumption that 
the characteristic exponent is regularly varying at zero with index 6^1. The estimates or 
asymptotics obtained in the paper are expressed in terms of the generalized inverse "0“^ of the 
characteristic exponent and the compensated potential kernel 



Here Ps{x), s > 0,x E M, is the transition density of the process, which must exist for processes 
we study. If 0 is comparable with a non-decreasing function we are able to provide sharp 
estimates of K in terms of the characteristic exponent, so in these cases the estimates become 
quite explicit and given in terms of the characteristic exponent and its generalized inverse. 
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For example we show that if ^|J has the weak lower scaling property with index a > 1 (see 
Preliminaries for the dehnition) then 


P^(To >t)^ 


1 


X G M, t > 0. 


Moreover, we hnd a similar estimate in the case when P^(To > t) is replaced by the tail function 
of the hrst hitting time of an interval (see Theorem 15.3p . While in principle, for starting points 
X far away from the interval, such estimates should follow from the estimates of P*(To > t), but 
for points close to the boundary of the interval the behaviour of the tail function is not clear. 
In order to overcome this difficulty we proved and then applied the global Harnack inequality 
under the weak scaling assumption for 'ip (see Theorem 14.5p . The Harnack inequality is one of 
the central topics in the potential theory and the present paper contributes to these studies. 
Usually the Harnack inequality for Levy or generally Markov processes is proved under the 
assumptions which enforce the transience of the process and absolute continuity of its Levy 
measure [HESlDSlEDli. In our case the process is not only recurrent but point recurrent. 

Finally, under the assumption the process is unimodal and ip has the lower and upper weak 
scaling property we apply the estimates of the hitting times and derive sharp estimates of 
the transition density (heat kernel) of the process killed after hitting an interval. We show that 
for D = (—oo, —R) U (i?, oo), i? > 0 we have 


pf (x, y) ^ P"^(rD > t)Fy{TD > t)pt{x -y), t > 0, x, y E D, 


with the comparability constant independent of R and where td denotes the hrst exit time 
from D. The problem of estimating the heat kernel for symmetric Levy processes has brought 
a lot of attention recently; see e.g. [HI El [la ESI i. Most of the results are derived under 
the assumption that the process is transient. The recurrent processes, except isotropic stable 
[6], were not explored with regard to heat kernel estimates for exterior sets, and to the best of 
our knowledge our result is the hrst one with such generality. One of the drawbacks is that we 
deal with one-dimensional processes which are point recurrent. It would be desirable to provide 
such optimal estimates for one or two-dimensional recurrent symmetric Levy processes, which 
do not hit points. Unfortunately our approach, based on the nice behaviour of the compensated 
kernel K, will not work in this case. 

The distribution of the hitting time of points or compact sets for one-dimensional a-stable 
processes was a subject of studies in several papers [301 CZl SHI ESI ESI ESI EZl ES]- Let Te be 
the hrst hitting time of a set B. Port in [30] found the asymptotics of P^(Tb > t),t ^ oo for 
a compact set H if 1 < a < 2, and for not necessarily symmetric stable processes. The density 
fxit) of Tx for the symmetric a-stable process, 1 < a < 2, was found in [30]. For spectrally 
positive (no negative jumps) a-stable process, 1 < a < 2, Peskir [29] and Simon [35] found the 
density /^.(t), x > 0, in a form of a series from which one can derive the asymptotics of fx{t) as 
f — )■ O’*" or f — )■ cxo. In a recent paper [23] this type of result was extended to a-stable processes, 
1 < a < 2, having both negative and positive jumps. In this paper the authors derived the 
Mellin transform of the distribution of and then successfully inverted it to obtain the series 
representation of the density of T^. 

Relatively little is known about the distribution of hitting times of single points for general 
Levy processes. To our best knowledge such explicit results as mentioned above do not exist. 
Only recently Kwasnicki IZ7I studied the distribution of for symmetric Levy processes under 
certain regularity assumptions on the characteristic exponent of the process. The main result 
provides an integral representation of the distribution function of in terms of generalized 
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eigenfunctions for the killed semigroup upon hitting {0}. This representation was then suc¬ 
cessfully applied in [21] to obtain various asymptotics and estimates of the tail function of 
and its derivatives under further additional regularity assumptions on characteristic exponent 
and the Levy measure. Namely it is assumed that the process has completely monotone Levy 
density. Comparing our results with those obtained in [21] we remark that our assumptions are 
much less restrictive, however our approach does not allow to treat the estimates of the density 
or the higher derivatives of the distribution functions. In a forthcoming paper we provide sharp 
estimates of the density under the weak upper and lower scaling property for the character¬ 
istic exponent for unimodal Levy processes. Moreover we also treat the hitting distribution 
of intervals and provide sharp estimates and asymptotics of the tail function, which was not 
investigated in [21]. We also mention that our methods are more elementary and are based on 
the estimates of the Laplace transforms of the hitting distributions and various estimates of 
exit probabilities. 

The paper is composed as follows. In Section 2 we recall some basic material regarding 
one-dimensional symmetric Levy processes and present some auxiliary results which we use in 
the sequel. In Section 3 we obtain estimates and asymptotics of the tail function P*(To > t). 
Section 4 is devoted to the uniform Harnack inequality and boundary behaviour of harmonic 
functions. These tools we use in Section 5 to prove estimates of the function P*(T[_r,r] > t). 
Section 6 focuses on symmetric unimodal processes with weak global scaling. We use the 
methods and results of the previous sections to obtain estimates of the Dirichlet heat kernel of 
a complement of an interval. 


2 Preliminaries 

Throughout the paper by c, Ci ... we denote nonnegative constants which may depend on other 
constant parameters only. The value of c or ci ... may change from line to line in a chain of 
estimates. If we use enumerated Ci, C 2 ... then they are hxed constants and usually used in the 
sequel parts of the paper. Any subsets and real functions considered in the paper are assumed 
to be Borel measurable. The notion p{u) ~ <?(«), u E A means that the ratio p{u)/q{u), u E A 
is bounded from below and above by positive (comparability) constants which may depend on 
other constant parameters only but does not depend on the set A. 

We present in this section some basic material regarding one-dimensional symmetric Levy 
processes which hit points with non-zero probability. For more detailed information, see mm- 
For questions regarding the Markov and the strong Markov properties, semigroup properties, 
Schrodinger operators and basic potential theory, the reader is referred to [16] and 

In this paper we assume that a Levy process X = {X^, t ^ 0) [32], is symmetric. By u we 
denote its Levy measure and by ^|J its Levy-Khintchine exponent (symbol). Notice that u and 
'ijj are symmetric as well. Recall that any Levy measure is a measure such that 

/ (|a;|^ A 1 ) iy{dx) < 00 . 

Jr 

If the Levy measure u is absolutely continuous with respect to the Lebesgue measure, then with 
a slight abuse of notation, we denote its density by u as well. Since the process is symmetric 
there is a G M such that 

^(0= [ {I - cos ^x)iy{dx) + ^ e M, 

Jr 
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and 

For X G M, by P* and we denote the distribution and the resulting expectation of the 
process x -\- X. Obviously P° = P and E° = E. The process X is called uniniodal if for any 
f > 0 the distribution pt{dx) of Xt is unimodal that is it is absolutely continuous on M\{ 0 } and 
its density pt{x) is symmetric on M and non-increasing on (0, oo). Unimodal Levy processes 
are characterized in [38] by unimodal Levy measures u{dx) = u{x)dx = u{\x\)dx. 

The first exit time of an (open) set D hy the process Xt is defined by the formula 

Td = inf{f > 0; Xt ^ D} . 

If F C M is a closed set we define the first hitting time Tp of F as the hrst exit time from 
F^. In the case when F = {a}, a G M we denote Tp = T^. In this paper we consider symmetric 
Levy processes which have the property that 0 is regular for the set {0} that is 

P°(To = 0) = 1, 

which is equivalent to ([m Theoreme 7 and Theoreme 8 ]) 

/•oo ^ 

/ < oo. (1) 

Jo 1 + 

Note that the above condition implies that ^ is unbounded, so excludes compound Poisson 
processes and in consequence fj^x) >0 for x 7 ^ 0. Moreover ([T]) guarantees that the distribution 
of Xpt > 0, is absolutely continuous and its density ptf) G 

In general potential theory a very important role is played by A-potential kernels, A > 0 
which are dehned as 


u^{x) = e ^pt{x)dt, X G M. 

Jo 

If the defining integral above is finite for A = 0 we call u^{x) = u{x) the potential kernel and 
then the underlying process is transient. 

Under the above assumptions it follows from [2l Corollary 11.18 and Theorem 11.19] that 
h^{x) = is continuous and 


u^{x) = I e ^^Ps{x)ds = u^{0)h^{x). 




Denote 

and 


K\x) =u\0)-u\x) 


K{x) = lim K^{x) = / (ps(0) — ps{x))ds. 

A^ 0 + In 


By symmetry and O Theorem 11.19], 


K^{x) = — (1 — cosxs) 


TT 


A A- 


ds. 


The monotone convergence theorem implies 

1 /.oo 1 1 /■°° 1 

Kix) = — / (1 — cosxg) , . . ds = — / (1 —coss)—-— —ds. 

TT Jo 'f[s) XTT Jo 'f{s/x) 
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For a number of results below we make the assumption that K is non-decreasing. We do 
not know any general criterion which guarantees monotonicity, but it is clear that sufficient 
conditions are: 'ip{x)/x is non-decreasing on (0, cxd) or the process X is unimodal. Another 
interesting problem is the question if monotonicity of K implies some monotonicity properties 
of ip. 

Dehne k e [0, oo) by 

TT 

^ ~ r°o ds • 

Jo ?/’(«) 

Lemma 2.1 ([39], Theorem 3.1). We have P°(T 3 ; = cx)) = kK{x). If ~ °° 

any a: G M, P°(Ta, < oo) = 1. 

ifr < OO the process X is transient and it is clear from Lemma I^TTl that its potential 

kernel satishes 

poo ^ 

u{x) = / Ps{x)ds = —P'^(To < oo). 

Jo 

Proposition 2.2. K is subadditive on M. 


Proof. Observe that T^+y + T^+y o T^, where o denotes the usual shift operation. By the 
strong Markov property, for A > 0, 


h^{x + y) ^ h^{x)h^{y), x, ?/ G M. 


Hence 


K{x) + K{y) — K{x + y) = 


> 


lim [(n^(0) — u^{x)) -|- (m'^(O) — u^{y)) — (m'^(O) — u^(x + y))] 
limM^(0) \l — h^{x) — h^{y) + h^{x + y)] 
hmM^(O) Tl — h^{x) — h^{y) + h^{x)h^{y)] 
hmM^(0)[l — h^{x)][l — h^{y)] ^ 0. 


□ 

The fundamental object of the potential theory is the killed process Xf^ when exiting the 
set D. It is dehned in terms of sample paths up to time td- More precisely, 

EV(Xf)=E"[t<rz,;/(W)], t> 0 . 

The density function of the transition probability of the process Xff is denoted by pf. We have 
pfix,y) =pt{y-x)-E^[t>TD-,Pt-rniy-^To)], x,yeR'^. 

Obviously, we obtain 

^Ptiy - x), x,yeR'^. 

{Pt)t>o is a strongly contractive semigroup (under composition) and shares most of properties 
of the semigroup pt- In particular, it is strongly Feller and symmetric: pf^{x,y) = pf^{y,x). 
The A-potential measure of the process Xf^ started from x is a Borel measure dehned as 

poo 

G^(x, A) = e-^‘P^(A:f e A) dt, 

Jo 
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for any Borel subset A of M. For the Levy processes explored in the paper their potential 
measures are absolutely continuous and the corresponding density is A-potential kernel of the 
process and is called \-Green function of the set D. It is denoted by Gf) and we have 


Goix^y) = e pt {x,y)dt. 


If A = 0 the corresponding 0-Green function we simply call the Green function of D and denote 
Goix^y). 

Another important object in the potential theory of Xt is the harmonic measure of the set 
D. It is dehned by the formula: 


Pd{x, A) = W[td < oo; 1a{X^o)], A C M. 

The density kernel (with respect to the Lebesgue measure) of the measure Pd{x, A) (if it exists) 
is called the Poisson kernel of the set D. The relationship between the Green function of D 
and the harmonic measure is provided by the Ikeda-Watanabe formula [23] . 


Pd{x,A)= [ u{A-y)GD{x,dy), A<z{DY. 

Jd 

Now we dehne harmonic and regular harmonic functions with respect to the process X. Let 
M be a Borel measurable function on M. We say that u is harmonic function in an open set 
D C M if 

u{x) = WAu{XT-g)^ X ^ B, 

for every bounded open set B with the closure B <Z D. We say that u is regular harmonic in 
D if 

u{x) = K^[td < cxo; m(Xt-^)], X G -D. 

We note that for any open D the Green function Go{x,y){ii exists) is harmonic in iA \ {y} as 
a function of x. This follows from the strong Markov property and is frequently used in the 
paper. 

The following formula for the Green function of the complement of a point can be found 
in [3^ Lemma 4.1], [TSl Theorem 6.1] for recurrent processes and [TUI Lemma 4] for stable 
processes. 

Proposition 2.3. G{o}c(-, •) is jointly continuous on M x M. Moreover 


G{QY{x,y) = K{x)+ K{y) - K{y - x) - K{x)K{y)K. 

Proof. For A > 0 we dehne K^{x) = n'^(O) — u^{x). We have 

G{o}c(a:, y) = u^{y - x) - E^e~^'^°u^{y - To) = u^{y - x) - h^{x)u^{y) 


( 2 ) 


= -K^{y-x) + K^{y) + K^{x)- 
Hence by the monotone convergence theorem 


K^{x)K^{y) 

n^(0) 


G{QY{x,y) = K{x) + K{y) - K{y - x) - K{x)K{y)K.. 

By the dominated convergence theorem we get continuity of K and Gjo}': as well. 

□ 
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The following observation plays a crucial role in the sequel. 

Proposition 2.4. For any x,?/ G M we have 

G{op(a;, 2 /) ^ 2 [K{x) A K{y)\ . 

If additionally K{-) is non-decreasing then for xy ^ 0 we have 

G{o}c{x, y) ^ K{\x\ A \y\) - K{x)K{y)K = K{\x\ A | 2 /|)pl^l^l^l(To < cx)). 
Proof. By subadditivity of K we have 

K{y) ^ K{x) K{y — x). 


Hence 


G{o}4x,y) ^ 2K{x). 

If K{-) is non-decreasing then for y ^ x > 0 we have K{y) — K{y — x) ^ 0. Hence 

K{x) - K{x)K{y)K ^ G{o}c(a:,|/). 


□ 


Lemma 2.5. For any 0 < |x| < i? < \y\, 

G{oY{x,y) = 2 /)- 

Proof. Let 0 < r < |a:| < i? < i?' < ||/|. Then by harnionicity of G{o}=(-, y) on (—i?', 0) U (0, R') 
we have 

G{oY{x,y) =E''G{oY{Xr^^^^,y), 

where = {—R,—r) U {r,R). Proposition 12.41 the dominated convergence theorem, conti¬ 
nuity of G{o}c and quasi-left continuity of X yield the conclusion when we pass r —)■ 0. □ 

Proposition 2.6. For |a;| G (0, i?) we have 

W[t^_r^r)ATo\^ARK{x). 


Proof. By Proposition 12.41 

R pR 

G(-Rfl)uio,R)(,x,y)dy ^ / GioY{x,y)dy 
R J-R 

^ 4RK{x). 



□ 


Proposition 2.7. Let K he non-decreasing on [0, cxo). For R > 0 and 0 < |a;| < R. 


1 K{x) 
6K{R) 


^ < To). 


If K = 0, then additionally 


¥%n-R,R) < To) ^ 4 


K{x) 

Wh' 
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Proof. Let 0 < x < R. By Proposition 12.41 Lemma 12.51 and snbadditivity of K, 

K{x)F^^{To < oo) ^ G{oy{x,2R) = 2i?) ^ 4K{R)F^{\Xr,_^^^^ATo\ > R)- 

On the other hand, by Lemma 12.11 and snbadditivity of K, 

P"(r|_„,R, < To) J P'(r„ = oo) = «:A'(i) = = = “)• 

which combined with the first bonnd above provide the first estimate. Moreover, if k = 0 then 
2K{x) ^ G{oAx,2R) = E"G{o}c(X.(_«,«)ATo,2i?) ^ ^ R) 

and 

2K{x) ^ G{o}<:(x, —2R) = E'^G{o}=(XT.^_^^^jAro, —2R) ^ ^ —R). 

Hence 

4A(x)>A(A)r(|X,,_„.,oT.ISA). 

□ 


We also consider 
height process of Xt. 


the renewal fnnction V of the (properly normalized) ascending ladder- 
The ladder-height process is a snbordinator with the Laplace exponent 


k(0 = exp 






and V{x), X ^ 0, is its potential measnre of the interval [0,x]. For x < 0 we set V{x) = 0. 
Silverstein stndied V and its derivative V' as g and -0 in [Ml (1.8) and Theorem 2]. The Laplace 
transform of V is 

1 

CV{C) = J V(x)e-i‘‘dx = e > 0. (3) 

For instance, V{x) = x^R for x ^ 0, if -0(0 = |SZl Example 3.7]. The dehnition of V is 
rather implicit and properties of V are delicate. In particnlar the decay properties of V are 
not yet fnlly nnderstood. For a detailed discnssion of V we refer the reader to |5] and [M] . We 
have I/(a;) = 0 for x ^ 0 and I7(cxo) := hmj.^ooE(r) = cx). Also, V is snbadditive: 


V{x + y) ^V{x)+ V{y), x,yeR. (4) 

It is known that V is absolntely continnons and harmonic on (0, cxd ) for X^. Also V is a positive 
harmonic fnnction for X^ on (0, cxd ), hence V is actnally (strictly) increasing. For the so-called 
complete snbordinate Brownian motions [33] V is monotone, in fact completely monotone, cf. 
[28l Proposition 4.5]. This property was crncial for the development in [T5l |25], bnt in general 
it fails in the present setting cf. O Remark 9]. One of the important featnres of the fnnction 
V is the fact that the Green fnnction of (0, cxo) can be written as 

G{o,oo){x,y) = [ V'{u)V'{y - X+ u)du, 0<x<y. (5) 

Jo 

This follows from [21 Theorem VI.20]. 

Let 'ijj*{x) = snp|„|^,j, ' 0 ( m ), a; ^ 0 be the maximal fnnction of tp. By [22l Theorem 2.7], 

^jJ{su) ^ ^jJ*{su) ^ 2(s‘^ + l)^jJ*{u), s,u^0. ( 6 ) 

Below, in Lemmas 12.8112. Ill we collect nsefnl facts which are trne for general symmetric Levy 
processes, which are not componnd Poisson. 










Lemma 2.8 ([5], Proposition 2.4). There is an absolute constant Ci ^ 1 such that 


Cl 


-1 


^V{r) ^ Ci- 


r > 0. 


\/'0*(l/r) ^ {I/r)' 

Lemma 2.9 ([S], (2.23) and (2.24)). There is an absolute constant C 2 such that 

t 


and 


F^{\Xt\^r)^C2 


i/[r, 00) ^ C 2 


i/2(r)’ 


r > 0. 


i/2(r)’ 


r > 0. 


Moreover for any D <Z and |a;| < r/2, 


F%\X^^\^r)^C2 




r > 0. 


(7) 

( 8 ) 

(9) 


■i/2(r)’ 

Lemma 2.10 ([28], Theorem 3.1). There is an absolute constant C 3 such that for x > 0,t > 0, 

'V{x) 




Vi 


A 1^ ^ P"(r(o,oo) >t)^2 A . 


Lemma 2.11 f [2T]. Proposition 3.7). There is an absolute constant C 4 such that for any 
X G (0, R), 


■V(R) 


v(Ry 


In fact we may take C4 = %, 


Lemma 2.12 ([7], Lemma 1). Let f : (0, cxo) t— )■ [0, cxo) be non-increasing. Then for x > 0, 

2 roc> roo 

— / [1 A (xr)^]/(r)dr ^ / {1 — cos{xr))f{r)dr. 

Jo Jo 

For a continuous non-decreasing function 0 : [0, 00) [0, 00), such that 0(0) = 0 and 

hms^.oo0(s) = 00 and dehne the generalized inverse 0“^ : [0, cxo) — )■ [0, cxo), 


/.-i 


(m) = inf{s ^ 0 : 0(s) ^ u}, 0 ^ u < 00 . 


The function 0“^ is non-decreasing and caglad (left continuous with right-hand side limits). 
Notice that 0(0“^(m)) = m for n G [0, cxo) and 0“^(0(s)) ^ s for s G [0,cxo). Also, if ip : 
[0, 00 ) [0, cxo), (yc(0) = 0, c > 0 and c0 ^ ip, then 0“^(m) ^ ip~^{cu), u ^ 0. Below we often 

consider the (unbounded) characteristic exponent 0 of a symmetric Levy process with inhnite 
Levy measure and its maximal function 0*, and denote 

0-^ = (0*)-'. 

This short notation is motivated by the following equality: 

inf{s 0 0 : 0(s) ^ u} = inf{s 0 0 : 0*(s) 0 u}, 0 ^ u < 00 . 
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It is rather natural to assume (relative) power-type behaviour for the characteristic exponent 
-0 of X. To this end we consider as a function on (0, oo). We say that ^|J satishes the global 
weak lower scaling condition (WLSC) if there are numbers a > 0 (called the index of the lower 
scaling) and 7 G ( 0 , 1 ], such that 

-^(A0) ^ 7A"'0(^) for A ^ 1, 9 > 0. 


In short we write ijj G WLSC(q!, 7 ) or -0 G WLSC. The global weak upper scaling condition 
(WUSC) means that there are numbers 13 < 2 (called the index of the upper scaling) and 
pG [1, cxo) such that 

'0(A6') ^ p\^ilj{9) for A ^ 1, 9 > 0. 

In short, G WUSC(/3,p) or -0 G WUSC. Similarly, 

We call a, 7 , /3, p the scaling characteristics of ^ or simply the scalings. In most of our 
results we assume only the lower scaling condition. 

Here are further remarks from [7]: We have ^|J G WLSC(q!, 7 ) if and only if 'ijj{9)/9°‘ is 
comparable to a non-decreasing function on (0, 00 ), and "0 GWUSC( 7 ,p) if and only if 'iIj{9)/9^ 
is comparable to a non-increasing function on (0, cxo), see [TJ Lemmas 8 , 9 and 11]. 

We are thus led to the behavior of 

Lemma 2.13. If ip & WLSC(a, 7 ), then 

ijj-^ G WLSC(l/2, (7/48^)^/") n WUSC(l/a, (4877^)^/"). (10) 


Proof. The proof is similar to the proof of |7l Lemma 18], where unimodal Levy processes were 
considered. Let W{x) = /jg(l A {xsY)v{ds) -|- a‘^x‘^. Since ip is unbounded the function W is 
increasing on (0, cxo). Moreover, by [SUl Lemma 4] 

^ip*{x) ^W{x) ^ 24:ip*{x), X ^ 0. 

Since ip G WLSC(a, 7 ) then ip* G WLSC(q;, 7 ) and W G WLSC(a,^). Now, we can repeat 
the arguments of O Lemma 18] to arrive at ([TU]) . □ 

Lemma 2.14. If ip ^ cbip*, then for x > 0, 

2 /■°° ds 10 /■°° ds 

Ji/x ^*( 5 ) ^ ^ ^ Tia ip*{sy 

Moreover, ip G WLSC(a, 7 ), a > 1 if and only if 

Kix) , , , . —f—, X 7^ 0 and ip* ^ ip. 

|x|7’(l/x) |x| 


The eomparability constants depend only on the scalings. In this case K G WLSC(a — l, 7 i), 
where 71 > 0 depends on the scalings of ip. 

Proof. Let K{x) = A J^°°(i — cosxs) ^/^^^ (js. Observe that K is the Levy-Khintchine exponent 
of some isotropic unimodal Levy process with the Levy density 2 np*{\s\) • Lemma [2.121 and 
the inequality 1 — coss ^ s ^/2 we have 


-y / (1 A (x.)2) 


TT^ 


ds , x^ 

, . . ^ ttK(x) ^ — 
ip*{s) 2 




'0 


1 p*{s) 


+ 2 


ds 


’ 1/x 


ip*{s) 
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Moreover, by ([H]), for 0 < xs ^ 1, 


{xs/2Y'ip*{2/x) ^ 4'0*(s), 


which implies that 


2 Jo ^ ^*{s) ^ x^Ij*{2/x) ^ ^ Ji/xi^*{s)' 

Hence, 


2 /•°° Js ~, 10 /■°° Js 

Jl/x V'*(s) ^ ^ ^ IT Jy^ij*{s)' 


( 11 ) 


Since -^(x) ^ K{x) ^ 1 iT(x) we get the first conclusion. 

Suppose that -0 G WLSC(a, 7 ), a > 1. Then '0 ^ 7'0* and ip* G WLSC(a!, 7 ) as well. 
Hence, for x > 0, 


1 1 < 1 < /■°° dr < 1 

16x'0*(l/a;) ^ xip*{2/x) ^ ip*{r) ^ 'j{a — l)xip*{l/x)' 


( 12 ) 


which shows that K{x) ~ xtp{i/x) the comparability constant dependent on the scaling 
characteristics. Also, it is evident that K satisfies the weak lower scaling condition with index 
a — 1. Furthermore, by Lemma [2.81 we get K{x) ~ 

Next we assume that Theorem 26] it is equivalent to the fact that 

K{x) satisfies the global weak lower and upper scaling conditions with indices 0 < 5 ^ /3 < 2, 
respectively. This implies that xK{x) satisfies the global weak lower scaling condition with 
index a = d + 1. Equivalently, ip* satishes the weak lower scaling condition with index a = 
d + 1 > 1. The proof is completed. 

□ 


The following technical lemma is the main tool in estimating the tail function of Tq via its 
Laplace transform. Recall that K{x) = ^ /o°°(l ~ cosxs);^-^ds. 

Lemma 2.15. For any A > 0, 


u\ 0 ) 


> 




1 ^-^A) 
327r3 A 


(13) 


If aip*{x) ^ ip{x),x ^ 0, then 



X, 37r^ 


^ M ( 0 ) ^ 


2 a 



For xip ^(A) ^ 1, X ^ 0, 
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Proof. By ([H]), X = i/j* {fj ^{X)ss ^ (2s ^ + 2 )ifj* {ifj hence 


n^(0) = 


dr 


> 


> 


> 


Trio A + '0(r) 

V'-'(A) r 


V'-i(A) ds 

rr io A + '0(V'"KA)s) 


ds 


TT io A+ -0* (^/;-i(A)s) 




V'-HA) 


ds 

TTV + 


(is 


V^-^A) 


s'^ds 


2vr [io 4V’*(V’-HA)s) Ji 

fj-^X) r,. . (is 


+ / (1 — coss) 


TT [io 2A Ji 2-^* (-^“^(A)s) 
ds 


= -K 


4:71 Jq ^ ^^-0* ('0“^(A)s) 4 \^'^“^(A) 


2-^* ('0“i(A)s) 
1 


By (fTTD and we have K{x) ^ xi)*(i/x) -' ^hich implies the second ineqnality in (IT^ . 

Now assnme that a'ijj*{x) ^iplx), x ^ 0. Then we have 


n"(0) > -K 


a 

^ —d^ 


4 \^'0“^(A)/ 4 \'0“^(A)/ ’ 

To obtain the npper bonnd we apply Lemma [2.121 with /(r) = (^ii(A)r) Set 


M^(0) ^ 


ij-\X) 


71 


ds 


< 


TT 

3^-1 (A) 


r — r 

LJo A ^ii V'(r/'"HA)s). 
/•^ s^ds 


/o i’(V’"HA)) 


+ 


(is 


ds 


nA)s) 


avr io ^ (r/'"HA)s) 


37r2^^-TA 

^ / 1 - coss 

2 a 7 T .L ^ ^ 


37r^ 

^ - K 


ds 


fj* ('0“i(A)s) 


2a \^'^“^(A) J 

For 0 < x'ijj~^{X) ^ 1, applying Lemma 12.121 with /(s) = we obtain 

7tK^(x) = 


> 


> 


r, / ds n, , ds 

/ (1 - cos(a;s))-- ttt ^ / (1 - cos(a;s))-- , , , 

/o ^^X + i7{s) Jo ^^X + r{s) 

2 , .o. ds 1 r ds 


TT^ 


(1 A {xsY) 


> 


X + fj* (s) 7r2 t/j* (s) 


lOvr 


K{x), 


where the last step follows from Lemma 12.141 

For two fnnctions g, f we write g{x) = f{x),x —)■ xq, if lim^j^a;;, g{x)/f{x) = 1. 
Lemma 2.16. Suppose that -^(r) is regularly varying at 0 with index 1 < d ^ 2. Then 

rHA) 1 


M^(0) ^ 


A (5 sin y ’ 


A ^ 0^ 


□ 
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and M'^(O) is regularly varying at 0 with index 1/5 — 1. 
If 'ip{r) is regularly varying at 0 with index 1, then 


M^(0) ^ - 


ds 


A ^ 0“ 


^(s)’ 

and M'^(O) is slowly varying. 

Proof. Assume that is regularly varying with index 1 < 5 ^ 2. 


u\0) = - 

71 


ds 


ds 


^ 1 


ds 


X + 'ljj{s) 71 Jq A + '0(s) TT X + 'ljj{s) 


Att 


vFT(X) 


dw 


1 I 


p-f 

TT Jl 


ds 


X + i!{s) 


The second integral converges to A < oo and since 0 its has no contribution 

to the limit. Note that f)*{u) = 'i/i{u),u —)■ 0 (see [3l Theorem 1.5.3]). Since -^(x) > 0,x 7^ 0, 
by Potter’s lemma [3l Theorem 1.5.6], and continuity of fj and 'i/*, for 1 < 5* < we can find 
a constant c = c{6*,'i/i) > 0 such that for A < 1, 'ijj~^{X)s < 1, s > 1, 

7p{fj-\X)s) 5 * 

By the dominated convergence theorem 

ds r(i/5)r(i - 1/5) 1 


. . = - 

A^-0 xjj ^(A) 71 


lim 


1 + 


7r5 


5sinf 


Next, let fj{r) be regularly varying at 0 with index 1. Let L{u) = This function is 


slowly varying at 0 [21 Proposition 1.5.9a]. Note that 
to regular variation of "0^ with index 2 we have 


b pA) 


< i> pA) ^ b pA) 
A+p(r) ^ A 1(A)) ■ 


r 

/p-i(A) 


dr 


A + 0(r) 

Hence it is enough to prove that 

u/tlj*{u) 

L{u) 


P X 


r°° dr 

4-i(a) 


0-HA) 


A ^ 0+. 


—y 0, u —y 0 


Let a > 1. Then 


L{u) — L{au) ^ (a — 1 )m 


L{u) L{u)tjj*{au) 

Since L varies slowly the left hand side converges to 0 so the proof is completed. 


□ 


3 Hitting times of points 

In this section we examine the tail function P’’’(To > t) under various assumptions on 0 or K. 
Under the monotonicity of K we find the lower and upper bounds of the tail function. On 
the other hand comparability of 0 and 0* is another source of the estimates via approximate 
inversion of the Laplace transform. We also derive asymptotics of P’’’(To > f) if f —)■ cxo by 
applying Tauberian theorems. 


13 



























Proposition 3.1. We have for any t > 0 and x G M 


P^(To >t)^ 


K{x) 


K 


1 


V)-i(iA) 


A 1 ^ 


Slvr' 


3 


A 1. 


If additionally fj{x) ^ a'0*(|x|) for x G M, then 


P^(To >t)^ 


7 K{x) 


K 


V" Ml/*) /. 


A 1. 


Proof. Observe that for the Laplace transform P^(To > •) we have 

1 
A 


; I—■■-■•I" 


It follows from flT^ that 


C{¥^{To > ■))(A) ^ 


4 Kix) o Kix) 

^ < 327r^ ^ ’ 




in general case, while under the assumption -^(x) ^ 0-0*(|x|), 

4 K(x) 


PiF^iTo > •))(A) ^ 


aA 


K 


V)-i(A) 


ByB Lemma 5] we have 


4e K(x) n e Kix) 

F^{To >t) ^ -r- . s < 327r^ ^ ^ 


e — 1 


K 


in general case, and in the other considered case 

e 4 K{x) 


e — 1 tfj~^{l/t) 


P^(To >t)^ 


e — la 


K 


ij) i(i/t) 


which ends the proof. 

Proposition 3.2. Let K he non-decreasing on [0, cxo) and k = 0. Then 

K{x) 


F^iTo >t)^ 


Al, 


L K{Rt) 

where RtK{Rt) = t. 

Proof. Let R,t > 0. We have 

P"(To >t)^ P"(r(_fi,fi) A To > t) + P"(r(-ii,K) < Tq). 
Let |x| < R. By Chebyshev’s inequality and Proposition 12.61 we obtain 

A r„ > 0 ^ ^ 4^. 


□ 
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while by Lemma [2.71 




□ 


Setting RK{R) = t we obtain the conclusion. 

Lemma 3.3. Let K be non-decreasing on [0, oo). For x G M, t > 0, 

> i) s ^ ■ 

Proof. For x ^ we have, by Lemma ITHl V{x) ^ ^ Hence by 

Lemma 12.101 

P"(To>t)^P"(r(o,oo)>t)^^. (14) 

Let R = 1 /'ip~^ {1 /1). Then for 0 < a; < i?, by Proposition 12.71 and the strong Markov property 

rnn X) s e“^{|w<_,,„,atoI ^ R\ > ()} 


6 Ci K{R) ■ 


The proof is completed. 


□ 


The assumption about monotonicity of K can be removed if we assume the lower scaling 
condition of fj. 

Proposition 3.4. Let ip e WLSC(a,7), a > 1. For x G M, f > 0, 

where c depends only on the scalings. 

Proof. Since ip G WLSC(a,7) we have 'yip*{r) ^ ip{r) for any r ^ 0. By Lemma [2.151 

« A£(P-(T„ > .))(A) < 1. 


SVT^ 


K 


7-i(A) 


IK 


1 


This, Lemma [2.141 and f[TU]) imply for A > 0 and s > 1, 

C{F^{To > •))(As) ^ evr^ 1 K^^{x) ^ (7%) 


/:(P-(To > •))(A) 


7^ s K^{x) 


K 


Ip ^(As) 


^ Cl 


p-i(A) 


1 p~^{\s) 


i ois 


(15) 


where C2 depends only on the scalings. Hence, by [3, Lemma 13] there exists a constant C3 that 
depends only on the scalings such that 


p"(ro >t)^ C3- 


K^/\. 


X 


K 


1 


p-i(i/p 


For t ^ l/ip*{l/x), by Lemma 12.151 K^^^{x) ^ j^K(x), which gives the conclusion in this 
case. We complete the proof by applying fim) for t < l/ip*{l/x) . 


□ 
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From the above lower and upper bounds we derive two corollaries providing two sided sharp 
estimates. 

Corollary 3.5. If X is unimodal then for x G M and t > 0, 

K{x) 


W{To > t) 


The comparability constant is absolute. 


Km-^il/t)) 


A 1. 


Proof. If X is unimodal then K is increasing and fj ^ ir (see [3 Proposition 2]), hence the 
upper bound follows from Proposition 13.11 while the lower bound is a consequence of Lemma 

ESI 

□ 


Corollary 3.6. Let G WLSC(a,7), a > 1. Then for x G M and t> 0, 


P^(To > t) 


Kix) 




A 1 


ti/j~^{l/t)\x\'ilj{l/x] 


A 1. 


The comparability constants depend on the scalings. 

Proof. By Lemma [2.141 we have K{x) ~ \x\'J{iix') conclusion follows immediately from 

Proposition 13.11 and Proposition 13.41 □ 

Example 1. Let 'ijj{x) = \x\+ x^. The corresponding process, which is the sum of the Cauchy 
process and independent Brownian motion, is obviously unimodal. Then 


/■°° dr 

X{x) K. / __ fs log(l + x) 

Ji/x W{r) 

and by Corollary 13.51 

ir(r„ > i)« ‘°en + ^) ^ 

log(l + \/() 

Example 2. We consider ip(x) = 2 /q^( 1 — cos(|a:|s))i^((is), where u is singular. Namely, let 
u{ds) = Yl'^=i^i/kids) — (k — 1)“) or iy{ds) = s~^F{ds), where a G (1,2) and (I = a + 
log2/ log3 and F is the standard Cantor measure on [0,1]. In both cases we claim that fj^x) ~ 
\x\°‘ A Indeed, by the integration by parts and m Lemma 2] to verify the claim in the 
second case, we obtain that s'^u^ds) ~ 1A Moreover Jj^-i r'ids) ^ c|x|" for |x| ^ 1 

and J|^-i r'ids) = 0 for \x\ < 1. Since 


2(1 


cosl)|x|^ / s^p^ds) ^ 'ijj{x) ^ \x\^ 

Jo 


"hi" 


^^u{ds) 



loi^ds) 


we get the claim. Hence G WLSC(a,7) for some 0 < 7 ^ 1. Applying Corollary 13.61 we 
obtain 


P^(To >t)^ 


|x|“ ^ V |x| 

tl-l/a V tl/2 ^ • 


Since the Levy measure is singular the process with symbol 'ijj{x) can not be unimodal. This 
illustrates that Corollary 13.61 does not follow from Corollary 13.51 
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Remark 1. There are recent results obtained by Juszczyszyn and Kwasnicki [21] where not 
only the behaviour of the tail function P'^(To > t) was described but also its derivatives. Their 
assumptions on the process were much more restrictive than ours. They assumed complete 
monotonicity of the Levy density and some additional property of the hrst two derivatives 
of the symbol of the process. The results of our paper regarding the tail functions are more 
general, however our methods do now allow us to treat the derivatives. The processes from 
Example [T] and [2] do not satisfy the assumptions of [2l|. In Example [D the symbol ^|J fails the 
requirements of m, while the Levy measures in Example [2] are singular. 

Now we turn to asymptotics of the tail function when t ^ oo not only in the case of hitting 
{0} but for hitting arbitrary compact set as well. 

Proposition 3.7. Let ijj be regularly varying at 0 with index 6 G (1, 2]. Then for a compact set 
B such that 0 G B we have for x G M, 

hr fl — “'l sin^ “ 

lim /t)F%TB > t)] =-^^ [K{x) - E^K{Xt^)] . 

If Tfj is regularly varying at 0 with index 1 then there is a function L{u) slowly varying at 0 
such that 


lim [L{l/t)¥%TB > t)] = K{x) - E^K{Xts). 

t—^OO 

ITe can take L{u) = L n > 0. 

Proof. Observe that 

C{¥^{Tb > ■))(A) = Y [1 - . 

A 

Since 0 G 5, 0 is regular for B. By symmetry G^c{x, 0) = 0. Hence 
Am^(0)£(P^(Tb > ■))(A) = M^O) - u^{x) - [u^{0) - 

+u\x)-E^e-^^^{u\XT^)) 

= M^(0) - u\x) - E^e-^^^ - u\Xts)] + 0) 

= K^{x)-E^e-^'^^K^{XTg). (16) 

Since K is continuous and B is compact, by the dominated convergence theorem and Lemma 

[211 

lim Am^(0)£(P^(Tb > ■))(A) = K{x) - E^K{Xt^). 

A^O 

Let fj be regularly varying at 0 with index 6 G (1, 2]. By Lemma [2.161 

limV'-i(A)£(P"(TB > •))(A) = hsin [K{x) -E^K{Xt^)]. 

A^O Vo/ 

Dehne U{s) = J^F^{Tb > t)dt. We have 

CU{X) = jCiF^TB > ■))(A). 

Hence 

lim X7p-\X)CU{X) = hsin [K{x) - E^K{XtJ]. 

A^O Vo/ 
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Since ip ^ is regularly varying at 0 with index 1/5 the Tauberian theorem ([21 Theorem 1.7.1]) 
implies 

..-in 


to,*- = 


[K(x)-’eK(XT.)\. 


By the monotone density theorem m Theorem 1.7.2]), 


lim [tip-\l/t)W{TB > t)] = 


(5sinf 


t—^OO 


[K(x)-WK(Xt,)]. 


Tills)' 

If Ip is regularly varying at 0 with index 1, then by Lemma [2.161 


M^(0) ^ 


dr 




= L(A), 


where T(A) is slowly varying at 0. Hence 


lim AL(A)£(P^(Ts > •))(A) = K{x) - WK{Xt^] 

A^O 


By the monotone density theorem 


lim L(l/t)P^(TB >t) = K{x) - WK{Xt^). 

t^OO 


Corollary 3.8. Let ip he regularly varying at 0 with index 5 G [1, 2], Then for x G 

(5r (l — 1) sin^ — 

lim [tip-\l/t)W{To > t)] =-^ ^ - -K{x), 5 > 1, 


t—^OO 


TT 


and 


□ 


lim L(l/t)P^(To >t) = K{x), (5 = 1, 

£—)-oo 

where L{u) = 

Proof. Since WK{Xtq) = 0 it follows from Proposition 13.71 

Remark 2. We again compare m with our results with regard to asymptotics of the tail 
function of Tq. For example the case ip{x) = |a;| + \x\^ is not covered in [23]. In Example [2] we 
provided sharp estimates of P^(To > f) and Corollary 13.81 exhibits the asymptotics at inhnity. 
Note that ip~^{u) = , = m, m —)■ 0. Next, 


L{u) = 


dr 




1 

71 


log ( M + \/m + ^ + ^ ) - logM 


logM 


u 0+. 


TT 


Then, by the second part of Corollary 13.8 


lim logfP*(To > t) = 7 iK{x), 

t—^OO 


where K{x) ~ log(l + x). 


□ 


18 


















The next example illustrates that the decay of the tail function of Tq can be very slow. Note 
that the intensity of small jumps of the process below is larger than the corresponding intensity 
of the Cauchy process while it is smaller than the corresponding intensity for any symmetric 
a-stable process, a > 1. Therefore the considered process is in some sense between the Cauchy 
process and any symmetric a-stable processes, a > 1. Note that the Cauchy process hits points 
with 0 probability, while a-stable processes, a > 1 , hit points with probability 1 . 

Example 3. Let ^{r) = ^°g ( 2 +i/H)iog( 2 +hl) ^ r G M. By Lemma 121 

poo /‘l/^ /‘OO 

^p{x) ~ / (1 A {xr)‘^)u{r)dr = x^ r‘^i'{r)dr + / i/{r)dr. 

Jo Jo Jl/x 

Elementary calculations show that 


and 


-^(x) xlog^(2 -I- x) log(2 -I- l/x), X ^ 0 
'i/j~^{x) 


X 


log (2 -h x) log (2 + 1 /x) 


X ^ 0. 


It is clear that ^|J can not have the weak lower scaling property with any 1 < a ^ 2, but ip = 'll)* 
since v{r)/r is decreasing on ( 0 , cxo). Hence, by Lemma [2.141 


K{x) 


dr loglog (2 4 -x) 


h/x log (2 + l/x) ’ 


X > 0. 


Moreover, ip{x) = cx log(l/x) and — c\og(i/x) x —)■ 0+, where c = 2 log^ 2 ^ dr 

7 rlog^ 2 . Therefore ip is regularly varying at 0 with index 1. Hence 

1 

/ 

^ J 

and from Corollary 13.81 we infer that 

.2 


dv 1 

-WW = — loglog(l/M), 
w{r) CTT 


jTo>t) = {7r\og2y 


log log t ’ 


t ^ oo. 


4 Behaviour of harmonic functions 

This section prepares some tools used in the sequel for estimating the tail function for the 
hitting time of an interval. On the other hand the results are interesting on their own. In the 
hrst subsection we prove the global Harnack inequality under global weak scaling assumption 
for ^p, while in the second we provide some boundary type estimates for harmonic functions. 
We start with a lemma which shows a very useful property of the compensated kernel. 

Lemma 4.1. Let 0 < R ^ oo. For x > 0 we have ^ K{x). 

Proof. We provide the proof for R = oo, since the case R < oo is similar. By [321 Theorem 
1 .1] we know that the function K{x) is invariant for the killed process upon hitting {0} which 
implies its harmonicity on {O}"^. Let i? > 1 such that 1/R < x < R. Then by harmonicity 
= K{x). Since Ri/r,r) t Ro,oo),R t oo and r(o,oo) < oo almost surely, the 
conclusion follows by continuity of K, quasi-left continuity of X and Eaton’s lemma. 

□ 
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4.1 Harnack inequality 

We say that the global Harnack inequality holds if there is a constant Ch such that for every 
R> 0 and any non-negative harmonic function on (—-R, R) we have 

sup h{x) ^ Ch inf h{x). 

x&{-R/2,R/2) x&{-R/2,R/2) 

Here we prove that '0 ^ WLSC(a, 7 ), a > 1 is a sufficient condition. The Harnack inequality 
will be very important in the next subsection to hnd the boundary behaviour of certain harmonic 
functions. 

Lemma 4.2. Let G WLSC(a, 7 ), a > 1. Then there are Ai,A 2 depending on the scalings 
such that for any R> 0, 


G(-R^R){x,y) > \ 2 K{R), \x\, \y\ ^ XiR. 

Proof. Since ^|J G WLSC(a, 7 ), a > 1, then K has the lower scaling property with index a — 1. 
Hence there exists 5 < 1/2, depending on the scalings, such that 


inf Kiz) 

z^R{l-&) 


sup K{z) ^ (1/2) 

\z\^5R 


inf Kiz) ^ (1/2) inf Kiz). 

z^R{l-5) z-^Rl2 


Let A = I and |x|, \y\ ^ XR. By Lemma ITT] we have E*+^iL(X7-(g ^ K{x + R). Hence 


G(-r,r){x, y) 




G(o^ 2 R) {x + R, y + R) — G{o}= (x + R, y + R) — i^Ro,2R) X- R) 

K{x + fl) - K(y -X)- -y-R) 

-y-R)- K(y - x) 
inf Kiz) — sup Kiz) 

z^Ril-\) |z|^2Ai? 

(1/2) inf K{z) ^ X 2 K{R), 


where A 2 depends only on the scalings. □ 

Proposition 4.3. Let G WLSC(a, 7 ), a > 1. There exists a constant 5 ^ Ai dependent only 
on the scalings such that for any R> 0 and any non-empty Borel A C {—SR, SR), 

r{TA < n_R,R)) ^ ixi ^ SR. 

Proof. Let |a| ^ R/A. Let D = {—R/2,0) U (0,i?/2). By ([9j) and then by Proposition 12.61 for 
\x — a\ ^ R/A, 


P"(T, > r(_«,^)) ^ P"-“(To > n-R/2,R/2)) ^ ^ 8 C 2 K{x -a) ^ 


'1/2(R/2) 


V^{R) 


Since ~ K{R), with comparability constant dependent on the scalings, then 


P"(T, > r(_fi,fi)) ^ c 


K{x — a) 
K{R) ’ 


|a; — a| < R/A, 
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with c dependent on the scalings. Next, we can use WLSC property for K with index a — 1 to 
choose (5 < 1/2 (dependent only on the scalings) small enough, such that 

F^{Ta > Ti-R,R)) ^ 1/2, \x-a\< 25R. 

Let X G A C {—SR, SR) and a G A. Then 

W{Ta > T(^-r,r)) ^ ^ 1 / 2 . 

□ 


Let Ro = SR, with S chosen in the preceding proposition. 

Proposition 4.4. Let ijj G WLSC(a, 7 ), a > 1. Then for any R > 0, and any non-negative 
function F such that (suppF)'^ C {—R,R), 




Proof. Denote v{w. A) = i/{A — w),w eM. and Borel A C M. By the Ikeda-Watanabe formula 
and Lemma [4.21 




cRq 


J—Ro 

^ \2K{R) [ 


F{z)G(-r^r) {y, w)v{w, dz)dw 

j-Ro 

/ F{z)v{w,dz)dw. 


J {—R^K)^ J —Ro 

Again, by the Ikeda-Watanabe formula, subadditivity of K and Proposition 12.41 

r fRo 




' {—R^R)^ J —Ro 


F{z)G{qy{^ + -^0) w + Rq)'u{w, dz)dw 


r rRo 

^ 2K{Rq) / / F{z)v{w,dz)dw. 

J{-R,RY J-Ro 


Hence 




(--Rq’-^o) 




□ 


Theorem 4.5. If fj E WLSC(q!, 7 ), a > 1, then the global scale invariant Harnack ineguality 
holds. That is there is a constant Gr dependent only the scalings such that for any R > 0 and 
any non-negative harmonic function on {—R,R) we have 

sup h{x) ^ Gr inf h{x). (17) 

x&{-R/2,R/2) x&{-R/2,R/2) 

Proof. We prove the result for bounded harmonic functions. The boundedness assumption can 
be removed in a similar way as in [5^ Theorem 2.4]. 

With Propositions 14.41 and 14.31 at hand we can use the approach of Bass and Levin ([I]) to 
get the existence of constants ci = 01 ( 0 , 7 ) and a = 0 ( 0 , 7 ) < 1 such that, for any function h 
non-negative and bounded on M and harmonic in a ball {—R, R), R > Q, 

sup h{x) ^ Cl inf h{x). 

xG{—aR,aR) x(^{—aR,aR) 
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Next, we use the standard chain argument to get 


sup h{x) ^ Ch inf hix), 

x&{-R/2,R/2) xe{-R/2,R/2) 


where Ch = Ch{ci, a). □ 

4.2 Boundary behaviour 

In this subsection we prove certain estimates of non-negative functions which are harmonic on 
(0,i?),0< R ^ oo. We show that under appropriate assumptions the function V{x) provides 
the right order of decay at the boundary at 0 for harmonic functions we consider. The obtained 
results are then used in Section [S] to estimate the tail function of the hitting time of an interval. 

In our development the following Property (H) of the derivative of V is crucial. Below, in 
Remark [3], we discus the situations when it holds. We also mention that we do not know any 
example of a symmetric Levy process with an unbounded symbol for which the property is not 
satished. 

Property (H). 

We say that X satishes (H) if there is a constant H ^ 1 such that for any 0 < 5 ^ tc ^ 
u ^ w + 26 we have 

V'{u) ^ HV’{w). 

Remark 3. The assumption (H) is satished in the following situations: 

a) -0 G WLSC(q:, 7 ), a > 1. The constant H depends only on the scalings. Since V is 
harmonic on (0, oo) this follows from Theorem 14.51 

b) X is a subordinate Brownian motion and ijj G WLSC(/3,7), /3 > 0. The constant H 
depends only on the scalings. This follows from [JOl Theorem 7]. 

c) X is a special subordinate Brownian motion, since in this case V is non-increasing [5l 
Lemma 7.5]. 

Lemma 4.6. Suppose that (H) holds. Then for 0<x<6<y/3we have 

G{o,oo){x,y) ^ -f^^G{o,oo)(2(5, y) • 

Proof. Let 0 ^ u ^ x. Since x < y, and 6 ^y — x ^y — x + u^y — x + 6hy and the 
property (H) we have 

G(o,oo){x,y) = [ V'{u)V'{y - X+ u)du ^ HV'{y - x)V{x). 

Jo 

Next, since 6 < y — 26 + u ^ y — x ^ y — 26 + u + 26 for 0 ^ u ^ 6, using again the property 
(H) we arrive at 

V\y-x) ^ HV'iy -26 + u). 

Multiplying both sides by V'{u) and integrating over [0, 5] we obtain 

pS p25 

V\y-x)V{6) ^ H / V\y-26 + u)V\u)du^ H / V'{y-26 + u)V\u)du = HG(o,^){26,y), 

Jo Jo 

which completes the proof. □ 
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According to [21 Theorem VI.20] we have for any non-negative fnnction / on [0, cxo), 

poo POO PX 

/ f{y)G(o,oo){x,y)dy= V'{y)dy f{x + y-u)V'{u)du. 

Jo Jo Jo 

Applying this to the indicator of the interval [0, 2 ;], 2 ; > 0, we have M{x, z) = G(o,oo)(x, y)dy = 
!^y'{y)dyj"^+y_ ^)vo It is then clear that 

V{z — x)V{x) ^ M{x^z) ^V{x)V{z), 0 < x ^ z < 00 . (18) 

Lemma 4.7. Suppose that (H) holds. Let F(z) be non-negative subadditive onW andW ^ 

F{x), X > 0. Then, for 0 < x < 1, 

s: -2; ^ cH^F’O)^, 

where F*{x) = snp|^|<j|j,| F{z). The constant c is absolute. 

Proof. By the Ikeda-Watanabe formula, 

/ —2 POO 

F{z) / Gyi^^){x,y)u{z,dy)dz. 

-00 J 0 

By Lemma I4.6[ 

G{p,oo){x,y) ^ i/^^||yG(o,oo)(4,|/), x^2<Q^y. 

Hence, 


Gio,x)(x,y)v(z,dy) sj H' 


V(2) 


G(o,oo)(4, y)v(z,dy). 


Note that ^ F{z), which implies 


»-2 


I = J F(z) j 


14(2) 


F(4). 


Observe that by subadditivity of F, F{w + y) ^ F{w) + F{y) ^ F{w) -|- F*(6) if 0 < ?/ < 6 and 
w < —2 — y. By ffTSj) we have G(o,oo){x,y)dy ^ V{6)V{x) ^ 21/(4)l/(x), hence 


—2 


II = 


F{z) / G(^o,oo){x,y)u{z,dy)dz = / G(^o,oo){x,y) 


,-2-y 


F{w + y)h'{dw)dy 


^ 2V{x) 


V(2)V(4) 

V(2) 


F{w)u{dw) + 2V(x)F*(6)V(4)i^([2, cx>)). 


Note that by ffTSli . V{2)V{A) ^ G{Q^^){2,y)dy, and F{w — y) ^ F(w) + F*{Q) if 0 < ?/ < 6 
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and w < —6 which imply 


— 12 


6 /•-12 


V(1)V(i) 


F{w)i>{dw) ^ 



' 0 J —oo 

— 6 - 1 / 



' 0 J —oo 

r6 /--e 



' 0 ^ —oo 

r-6 r-e 





i^(M^)G( 0 ,oo)( 2 , y)u{dw)dy 
^(w)G(o,oo)(2, y)u{dw)dy 
F{w - |/)G(o,oo)(2,2/)i^(2/, dw)dy 
{F{w) + F*(6))G(o,oo)(2, 2/)i^( 2/, ciw)di/ 


'0 J —oo 

72 


Next, by Lemma [2.91 


< ^F(Xr,„,J + f(6)P"(W,.,„, -6) 

s; F(2) + F'(6). 


F(w)u(dw) si F'(12)i/|2,oo) ^ cF 


^-12 V^(2) 

Combining all the estimates obtained above and using subaddativity of F* and V we con¬ 
clude that there is an absolute constant c such that 

$ -2; F(W,„,.,)I = / + //< 


which ends the proof. 


C(l)’ 


0 < X < 1, 


□ 


Lemma 4.8. Let ip G WLSC(a, 7 ), a > 1 and let F be a non-negative harmonic function on 
{0,2R),R > 0. Suppose that r > 0 is such that V{R) ^ 21 /(r)/G 4 , where G 4 is the constant 
from Lemma \2. 1 1[ Then for 0 < x < r, 

V{x) 


F{x) ^ ^ ',H/r+l_ 

F(r) ^ 2 ^ V{ry 


where Ch is the constant from the Harnack inequality flT7|) . which depends only on the scalings. 

Proof. Since F is harmonic then using the Harnack inequality (Theorem 14.5p we have for every 
r ^ x,y ^ R such that \x — y\ < r, F{x) ^ CHF{y). By the chaining argument we have for 
any r ^ x ^ R, 

F{x) ^ (19) 

By Lemma 12.111 

e [r, R)) = ^ r) - ^ R) ^ ^ r) - ^ R) 

V{x) V{x) G 4 V{x) 


^ Ca 




V{r) V{R) 2 V{r)' 

Note that by (IT^ . quasi left-continuity of X and harmonicity of F, 

F{x) = mn E“'F(A4,.,„,) 5= Ito [f(A 4,. A4„,, 6 |r,fl] 


e^0+ 


S C*/’'+‘F(r) hm P'(A,,„, e [r.FJ) = Cy’-+'F(r)r(AA„ „ e |r,F]) 


e^0+ 






c 


ij/r+l 


H 


Ca 


F(r) 


V{r) 


□ 
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5 Hitting times of intervals 

Throughout this section Br = [—R,R], R > 0. The goal is to find sharp estimates for the 
tail function of Tb^ and we start with the case R = 1. Once this is done we use the scaling 
argument to treat any R > 0. The proposition below provides an effective tool for the upper 
bound. 


Proposition 5.1. Suppose that the condition (H) holds. Then 


P^(Tbi > 1) ^ cH^ 


V{\x\ - 1) 

nkl) 


sup P"(To > 1/2) + P^-^(To > 1/2) , 

PIsgl 


1 > 1/V’*(1), k| > 1. 


The constant c is absolute. 

Proof. If |a;| ^ 2 we have, by subadditivity of V, ^ hence the conclusion is obvious. 

Let 1 < X < 2. The condition 1 > 1/-^*(1), by Lemma 1^51 implies 1/V{1) ^ Ci. Then, by 
Lemma 12. lUI and subadditivity of V, 

P"(r(,,„) > 1/2) < 2 i/2^ '^/~/V ^(t(i.^) > 1) < 4x/2^ '^/~/V '(ro > 1/2), 

Since 

P"(Tb, > 1) ^ P"(r(i,oo) > 1/2) > 1/2) 

it is enough to estimate the harmonic function 

E^P^-d.-) (Tbi > 1/2) ^ ^ -l;P^"(i,-)(Ti > 1/2)] 

= ^ -2;P^do,oc)(To > 1/2)]. 

Let R(z) = P^(To > 1/2). Observe that this function is subadditive and satisfies the assump¬ 
tions of Lemma 14.71 Therefore the conclusion follows from Lemma 14.71 

□ 


Corollary 5.2. Let •if E WLSC(a, 7 ), a > 1. If \x\ > 1 and 1 > then 


P^(Tbi > 1) ^ c 


V{\x\ - l)K{\x\) 
V{\x\)K{l/fj-^{l)) 


A 1 


V{\x\ - l)K{\x\) 

~vM¥W~ 


The constant c depends only on the scalings. 


Proof. By Remark[3]we find a constant H dependent only on the scalings such that the property 
(H) holds. Therefore, by applying Propositions 15.11 and 13.11 together with Lemma [2.141 we end 
the proof. 

□ 

Remark 4. If P*(To > t) ^ c ^ WLSC assumption is merely to assure 

the property (H). However there are many examples for which V is non-increasing and then 
this property holds automatically with the constant H = 1. For example if X is a special 
subordinate Brownian motion satisfying ([1]), then the estimate from the preceding corollary 
holds with an absolute constant. In particular -^(x) = |x| 4- |xp defines a special subordinate 
Brownian motion and it does not have the lower scaling property with index a > 1. 
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Next, we deal with the lower bound. 

Proposition 5.3. Let tp G WLSC(a, 7 ), a > 1, and let 1 > There is x* ^ 2, which 

depends only on the scaling characteristics, such that for |x| ^ x* we have 


P > 2) ^ A 1 j ~ A 

The constant depends only on the scalings. 

Proof. By symmetry we may assume that a: > 0. Let f{t) = P*(Tb^ > t), fo{t) = P*(To > t). 
We begin with a simple observation relating the Laplace transforms of f{t) and fo{t). By ffT 6 |) . 

Xu\0)Cf{X) = K\x) 

^ K\x)-E^K{Xt,^) 

= Xu\0)Cfo{X)-E^K{XT,^). 

Let 'y{0,z) = u^~^e~^du, z > 0,0 > 0 be the lower incomplete Gamma function of index 9. 

We pick 0 < 6 ^ 1 to be specihed later. By [U Lemma 5], 7 ( 1 , l)/o(s) ^ Cfo{s~^)s~^, s > 0. 
Moreover, flTHl) implies Cfo{s~^) ^ ci Cfo{X), s ^ A“^, where ci depends on the scalings. 

Hence 


r-bA" 


A£/(A) = A 


e ®/(s)ds + A 




A 


Ga -1 


e ^^f{s)ds 


f*00 


rb\- 


7(1,1) 
7(1,1) Jo 

7(l/«,^) 

7 ( 1 , 1 ) 


e Cfo{s ^)s ^ds + f{bX ^) 


e ^^Xds 


< 


= ci- 


ci (As)^^“ £/o(A)e ^ds + f{bX ^)e 


feA-i 


A£/o(A) + /( 6 A-^)e-^ 


Next we choose the largest b ^ 1 such that 2 ci 7 (l/a,&) ^ 7 ( 1 ,1) = 1 — e L Since A£/(A) ^ 
A£/o(A) - ‘I'™ 

W(x) E‘K{Xr,) 
f{b\ ) A£/„(A)/2 - ^ ■ 

If a;'^“^(A) ^ 1 then by Lemma [2.151 K^{x) ^ C 2 K{x), hence in this case 

C2K{x) -E^K{Xt,) 


f{bX 


-lA 




M^( 0 ) 


Letting A = 1/t and applying again Lemma 12.151 to estimate m^( 0) we have for t ^ ;^rp 77 y, 

X/-A ^ r ^2^(^) “ suPhGi ^ (^) ’ 

By Lemma 12.141 the lower scaling property with index a — 1 holds for K, therefore we can 
hnd X* ^ 2, dependent on the scalings, such that C 2 K{x) — sup|^|jg]^ iL( 2 ;) ^ ^K{x), x ^ x*. 
Hence, for x ^ x* and t ^ have 

K{x) 


f{bt) ^ C 4 


K{l/rKl/t)r 
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For X ^ X* ^ 2 and t ^ we apply subaddativity of V and Lemma 12.81 to get ^ 

ILM > ^ 

2 ^ 2cr 


IY^eI ^ Next, applying Lemma 12.101 to arrive at 


f{bt) ^ P'"(r(i,oo) ^ bt) ^ C 3 


V{x - 1) 

Vbi 


A 1 1 ^ C*3 


2CiVb 


A 1 


Therefore we have proved that for x ^ x* and any t > 0 we have 


f{bt) ^ Csmin 


, K{x) 


where C 5 depends on the scalings. In particular taking f = 2/6 we obtain 


/(2) ^ csmin 


r Kix) 


f 


I I \ * 

\x\^ X , 


where the last inequality follows from scaling property for K and ijj ^ (see Lemma 12.141 and 
flTOll L The constant cq depends on the scalings. 

□ 

Lemma 5.4. Let 'ifj G WLSC(a, 7 ), a > 1. //1 < |a:| < x* and 1 > 1/'0*(1), where x* is 
chosen in the preceding lemma, then 


¥^{Tb, >1)>c- 


V{\x\ - l)K{\x\) 


V(|x|)JL(l/V^-i(l)) 

The constant c depends only on the scalings. 


A 1. 


Proof. We may and do assume that 1 ^ x < x*. By the strong Markov property we have for 
any z ^ 1, 

F%Tb, > 2) ^ P"(r(i,oc) > 1) +E^P^Ai.^)(Tb, > 1) 

and 

F^{Tb, >1)> ^P"(r(i,oo) > 1) + > 1). 

Using Lemma [4.81 we estimate the harmonic function F{z) = E^P ^ 1 .°°) (Tb^ > 1), 


F(n > c T/p/T (j:-), 

with the constant ci dependent only on the scalings. From Lemma [2.101 and subaddativity of V 
we infer that P'^(r(i,oo) > 1) ^ C 2 ^ 77 ^P'^*(r(i^oo) > 1)5 with C 2 dependent only on the scalings. 
Hence, 


P"(Tb, > 1) ^ 1/2 (P"(r(i,oo) > 1) + E"P^Ai,oc)(T 5^ > i)j 

Cl A C2 U(x - 1) ^ ^ e'^P^'ac^) (Tb, > 1)) 




2 U(2) 

Cl A C2 U(x — 1) 
~ U(2) 


P"*(Tb, >2). 


Applying Proposition 15.31 we get P**(Tbi > 2) ^ Us y K(y^-^{i)) ^ ^hich completes the 
proof. □ 
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Now we are ready to state and prove the main result of this section. 


Theorem 5.5. Let ^jJ G WLSC(a, 7 ), a > 1. If = [—i?, i?] and |x| > R, 


P-(Tb, > t) 


v(\A - R) . ^ 

A V'(ii) 




and 


> t) 


V(\x\-R)K(\x\) ^ V(\x\- R)K(\x\) 

Vi\x\)Kil/fj-\l/t)) ^ ^ Vi\x\)tf;-\l/t) 


t > i/ij*{i/R). 


The comparability constants depend only on the scaling characteristics. 

Proof. If t ^ l/'ijj*{l/R) the estimates hold by 0 Remark 6] and Lemma [2.1UI 

Let t > 0, i? > 0 be hxed. We consider a space and time rescaled process W = ^ts/R, s ^ 0. 
Let etc. be objects corresponding to the process Y. Then 


V^{x) 


t'lf^x/R), 

jK(xR), 

V{xR) 

~vr' 

R'if~^{x/t). 


Let be the hitting time of Bi by the process Y. Observe that has exactly the 

same scaling property (with the same scaling characteristics) as ifix). Let t > l/'if*{l/R) or 
equivalently 1 > We now apply Corollary 15.21 Proposition 15.31 and Lemma [5.41 to 

get 


P^(Ts^ >t) = P*/^(T|’^ > 1) 

^ Vf,{\x/R\ - l)KU\x/R\) 

Vi\x\-R)Ki\x\) 

V{\x\)Km-^{l/t)) 

^ V{\x\-R)Ki\x\) 

V{\x\)ti:-^{l/t) ’ 


where the comparability constants depend only on the scalings of ip. □ 

Corollary 5.6. Assume that the second moment of X is finite and ip G WLSC(a, 7 ), a > 1. 
Let R> 1 and Bji = [—R, R]. Then 

P"(Tb^ >t)^ A 1, t > 0. 

yt 

The comparability constant depends on ip. 

Proof. If the second moment is hnite, then ip{x) ~ \x\ < 1, hence ip~^{x) ~ ^/x, 0 ^ a; < 1. 

Moreover K{w) ~ V{w) ^ w,w > 1. Hence we obtain the conclusion applying Theorem 

EB □ 














Remark 5. If X is a special subordinate Brownian motion satisfying ([T]), then the upper bound 
from Theorem l5.5l is true without the assumption ip G WLSC(a, 7 ), a > 1. This follows from the 
fact that property (H) holds for such processes (see Remark[3]). In particular '0(x) = |a:| + |xp 
dehnes a special subordinate Brownian and it does not have a lower scaling property with a > 1 
but we have 


>t)^c 


V{\x\-R) 

ViAV{R) 


Al, t ^l/'ip*{l/R), 


and 




V{\x\ - R)K{\x\) 


Al, t> l/^p*{l/R). 


^V{\x\)Km-^{l/t)) 

Here the constant c is independent of R, V{x) ~ s/xAx, x ^ 0 and K{x) ~ log(l + |a:|), x G M. 
By inspecting the proof of Proposition 15.31 it is clear that we can prove a lower bound 

p (Tb^ >t) ^ 

but the constant cr will be dependent on R (to choose x* as in Proposition I5.3I one can use 
unboundedness of K instead of the scaling property). 

Example 4. Let ^{r) = |y,| 3 ioga( 2 +i/|r|) ’ ^ Since z/ is decreasing on (0, 00 ), by Lemma [2.12l 

'0(x) ~ {xrY)h'{r)dr = x‘^ r‘^i'{r)dr + r'(r)dr. Elementary calculations show 

that 


1 p{x) 

2 

X - 

1 p~\x) 

^ \/X' 


log (2 + x) 
^log (2 + x) 


X > 0, 

X > 0. 


v/log (2 + 1/x) ’ 

It is clear that ip has the weak lower scaling property with any 1 < a < 2. Hence 

1 log (2 + 1 /x) 


K{x) 


X- 


and 


Hence 


V{x) 


xip{l/x) log (2 + x) 

1 yiog(2TT7^ 


X- 


\/ip{l/x) ^log (2 + x) 
K{x) Vlog(2 + 1/x) 


X > 0 


X > 0. 


V (^) v^log (2 + x) 

Applying Theorem 15.51 we obtain for |x| > R, 


X > 0. 


P^(TB,>t)^(jxj-R) 


^log(2 + l/(|x| - R)) 
V'tlog(2 + (|x| - R)) 


Al, t^l/ip*(l/R) 


and for t > l/ip*{l/R)^ 

P"(Tb, >t)^{\x\-R) 


v/log(2 + l/(|x| - R)) v/log(2 + l/|x|) v^log(2 + t) 


Vlog(2+ (|x| -R)) v^iog(2^~^ ^tlog(2 + l/t) 


Al, 


since tip ^{1/t) ^ 
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6 Heat kernel estimates 


This section is devoted to finding sharp estimates of the heat kernel of the process X killed 
after hitting an interval. We apply the previous results on hitting times and the estimates of 
the heat kernel of the free process obtained in [7] under the assumption of unimodality of X 
and both lower and upper scaling property of ip. At the end of the section we suggest a certain 
extension of the main result, which allows to treat symmetric processes which are not unimodal. 
We denote Dji = {—R, —1) U (1, i?), R > 1. 

Proposition 6.1. Let ^|J G WLSC(a, 7 ), a > 1. For |x| G and R> 1 we have 


^ C&R 


V{\x\ - l)K{\x\) 


where the constant Cq depends on the scalings. 


Proof. Let x > 1. By Proposition 12.41 

= / G(^_R_i)u(i,R){x,y)dy ^2 Go{x-l,y)dy 

J(-R- 1 ) 0 ( 1 ,R) Jo 

^ ARK{x — 1), 

which gives the desired bound if x > 2, since 2.. 

Assume that and 1 < x ^ 2. Let s{u) = m G M. Then by the strong Markov property 

we have 

Next, applying the above estimate and subaddativity of K we obtain 


< 4flE-[A'(|A%,.„|-l);A%,.„, <-l] 

4AE"1A(A,„ ,,) + A(l); A,,. ^ -1| 

< 4AE"[A(A,,. + A(l); A,,. < -1] 

= 4flE'-‘|A(A,,.„,) + A(l)i A,,.„, < -2] 

V(x-1)K'{1) 


^ Cii?- 


P(l) 


where in the last step we applied Lemma ITT] and Lemma ITTl Note that the constant Ci depends 
only on the scalings. Finally, applying m Proposition 3.5], subadditivity of V and the estimate 
1/^(2) ^ C2K{2) following from Lemma [2.141 . we obtain 


^ 2P(x - 1)V{R) ^ 2RV{x - 1)V{2) ^ . 

The proof is completed by observing that, by Lemma 12.141 K*{1) ^ iF(|x|), 1 ^ |x| ^ 2 and 
by subaddativity P(l) P(|x|), 1 ^ |x| ^ 2. □ 

Proposition 6.2. Let R> 2 and 1 < |x| < i?. //'?/’£ WLSC(a, 7 ), a > 1, then 




^R)^G7 


v{\x\ - 1 ) a :(| x |) 

nkl) K{R)^ 


where the constant Gj depends only on the scalings. 
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Proof. By subaddativity of V and K it is enough to consider 1 < a: ^ (i? V 3)/2. By ([2]), and 
then Proposition 16. 11 




>R)^C2 


El£n 

V^{R) 


^ C2CqR 


V{x-l)K{x) 

V{x)V^{R) 


The proof is completed by observing that K{R) ~ V‘^{R)/R with the comparability constant 
dependent only on the scalings, which folows from Lemma 12.141 □ 

The following lemma is consequence of [311 (3.2)], [201 Corollary 1] and the weak lower 
scaling property. 


Lemma 6.3. Let if G WLSC(a, 7 ), a > 0. There is a constant Cs ^ 1 dependent on the 
scalings such that for R = x/'^“^(l), y > 1, we have 

p"(n-H.H) « 1) < 

In the next proposition we prove estimates for some exit times which play a crucial role in 
obtaining the main result of this section. Recall that is the hrst hitting time of Bi. 

Proposition 6.4. Let if G WLSC(a!, 7 ), a > 1. Assume that 1 > l/if*{l). There is x ^ 
dependent only on the scalings such that for R = > 2 and Dr = (— i?, —1) U (l,i?) we 

have 

> 1) ^ C'9P"(Ts, >1), 1 < |x| ^ 

Moreover 

P°(R-ii;/4,i?/4) > 1) ^ 1/2. 

The constant Cg depends only on the scalings. 

Proof. First observe that 1 > l/if*{l) is equivalent to > 1- Let x* be the value picked 

in Proposition 15.31 We hrst consider |x| ^ x* ^2. By Proposition 15.31 


F^{Tb, > 2) ^ a 


K{l/if-^{l)) 



We hnd 1 ^ xi ^ x/4 satisfying the following conditions 


^(x/^-Ki)) 

Vix* - 1) 

vjxi/if-Hi)) 

c(x/^-Hi)) 

X? 


^ C5/(2Cr), 


^ ^(CsiVix* 


^C3/(8C'i), 




1 

2‘ 


1) Al), 


Such choice of xi, Xj which are dependent on the scalings, is possible due to weak lower scaling 
property for V, K implied by Lemma [2.81 and Lemma [2.141 respectively. 
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We set R = The choice of x together with Proposition 16.21 imply 






AIN) 

K{R) 


K{\x\- 1 ) 

2 


Then 

F%rn^ > 2 ) ^ ¥%Tb, > 2 ) - > R) > > 2 ) 

if X* ^ |a:| ^ 1 + 1/'0“^(1). 

If 1 + 1/'0“^(1) < |x| ^ 1 + Xi/V^~^(l) we nse a similar argnment based on the exit from a 
half-space. Indeed, by Lemmas 12.101 and 12.Hi 


> 1) ^ PNr(i,«) > 1) ^ pNppoc) > 


^ R) ^ Cs{V{\x\-l)Al) 


2V{\x\ - 1) 
^A-l) ■ 


Observe that, dne to Lemma [231 C' 3 (ld(|x| — 1) A 1) ^ 03 ( 1 A( 1 /'^ ^(1)) A 1) ^ C 3 /C 1 and by 
the choice of xi, '^v{r-A ^ ^ <^ 3 /( 201 ). Hence, 


f^{td, > 1) ^ 03 /( 200 , 1 + 1/0"01) < k| ^ 1 + Xi/0"01). 

Next, we assnme that 1 < |x| < x*. By Lemmas 12.10112.111 and the choice of R we have 

PNPI,/?) > 1) ^ PNpPoo) > 1) - ^ R) 

2V{\x\ - 1) 


^ 03 (H(|x|- 1 )A 1 )- 
V{\x\ - 1) 








V (x* — 1) 
V{\x\ - 1) 

V (x* — 1) 
V{\x\ - 1) 1 
V{x* - 1) 2 


03(H(x*-1) A 


V{R-l) 

l/(x*-l)\ 2V{x*-l) 


(C' 3 (H(x* - 1 ) a 1 ) - 
C' 3 (H(x* - 1 ) a 1 ) 


V{x-l) ) V{R-1) _ 

W{x* - 1) 


V{R) 


^( 1^1 - 1 ) 

Vix* - 1 ) 4^^ > )• 


Moreover, we can apply Lemma 14.81 to F{x) = E^P Aca) (r^)^ > 1) with r = x* — 1. In 
conseqnence we can hnd ci dependent on the scalings snch that 

1 


V^iTD, > 1) > 2 > 1) + IE'rV.,».(ro, > 1)) 


^ Cl 


<:■ 0 /. - 1 ) > 1 ) + > 1 )) 
l/(|x|-l), 


V{x* - 1) 
ciH(|x|-l) 


P* (tb, > 2 ) 
P*'(rB. > 2 ), 


2 V(x* — 1) 

where the last ineqnality follows from the hrst part of the proof. Applying Theorem 15.51 we can 
hnd C 2 dependent only on the scalings snch that 


P*(TI,. > 1 ) ^ 


Cl r(|x|-i) 

2 V{x* — 1) 


P"‘(Tbi > 2) ^ C2F^{Tb, > 1), 
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which completes the proof for 1 < |a;| < x*. 

Finally we consider 1 + ^ |x| ^ R/2. Let Ri = ^ R/A. Then by 

Lemma lOl and the choice of Xi, 

>1) ^ P"(t,_h.,h., > 1) ^ 1 - ^ J 1/2 

A1 

and 


IP°(T-fl/4,-R/4) > 1) ^ 1/2. 


The proof is completed. □ 

Below we recall optimal estimates for the transition density of an unimodal process X if we 
assume appropriate scaling conditions. 

Lemma 6.5 ([7] ,Corollary 23). Assume that X is unimodal. Let'ijj G WLSC(a, 7)nWUSC(/3, p), 
1 < a ^ /9 < 2. Then 

pt{x) ^ ^~\l/t) A I . I,. ^ pt{0) A I . I,. ^ A tiy{x), t > 0, x, p G M. 

The comparability constants depend on the scalings. 

The following lemma is instrumental in estimating the heat kernel p^. For the proof see 
m Lemma 2.2] or [6l Lemma 2]. 

Lemma 6.6. Consider disjoint open sets UiyU^ C D. Let U 2 = D \ {Ui U t/ 3 ). If x G Ui, 
y E U 3 and t > 0 , then 

p^{x,y) e U 2 ) sup ps{z - y) + {t Tui) sup u{z-u), 

s<t,zGD 2 -iiSC/i, zSC/s 

pf y) > t¥^{Tu, > t) P*'(r [/3 > t) inf o{z-u). 

u£Ui,zeU3 

Now we are ready to state and prove the main theorem of this section. 

Theorem 6.7. Let^j G WLSC(a, 7)nWUSC(/5, p), 1 < a ^ ft < 2 and the process is unimodal. 
Let D = (— 00 , —r) U (r, 00 ), r > 0. Then 

pf (x, y) ^ P*(rz) > t)Fy{TD > t)pt{x -y), t > 0, x,y E D. 

The comparability constants depend only on the scalings. 

Proof. We may assume that \x\ < y. We find the estimates in the case of fixed f = 2 or f = 3 
and r = 1, keeping all arising constants dependent only on the scalings. Then applying the 
scaling argument we will be able to extend the estimates for the whole range of times and 
any r > 0. We also assume that t = 1 > The case 1 ^ C^(l) can be deduced from 

a general bound for the killed semigroup obtained in [8l Corollary 2.4, Theorem 3.3 and the 
beginning of Section 5]. In what follows all comparabilities hold with comparability constants 
which are either depend only on the scalings or they are absolute. The same remark applies 
to all constants appearing in the proof. As mentioned above throughout the proof we fix 
D = (— 00 , —1) U (1, 00 ). 
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We start with the upper bound. First, we prove that there is a constant Cq such that 

pfix, y) ^ CqW{td > 2 )pi{x - y). ( 20 ) 


To this end we consider two cases. 

Case 1. Assume that V‘^{\x — y\) ^ 16. In this case, by Lemma 1631 pi{x — y) ^ Pi/ 2 ( 0 ). 
Hence 

Pi{x,y) = 


J P?/2ix,u)pf/2{u,y)du 

Pl/2(0) j Py2{x,u)du 
ciF^{td > l/ 2 )pi{x - y). 


( 21 ) 


Case 2. Assume that 16 < V{\x — y\). If V{\x\ — 1) ^ 1 then by Theorem 15.51 (or Lemma 
12.101) . F^{td > 2) 1 and of course 

pf (x, y) ^pi{x-y) ^ C 2 P^(rz) > 2)pi(x - y). (22) 

Assume that V{\x\ — 1) ^ 1, and V{y — 1) >2 (the case V{\x\ — 1) < 1/(1/ — 1) < 2 is included 
in Case 1). Let R : V^{R — 1) = 1. This implies that \x\ ^ R. Also, since 1 > we have 

R>2. 

We put Ui = {—R, —1) U (1, R) = Dji and U 3 = {y — \x — y\/2,y + \x — y\/2). We claim 
that {y — x)/ 4: ^ R — X. Indeed, by subaddativity 

V{{y-x)/4) ^ {l/4)V{y-x)>4, 


while 


Hence 


V{\R - x|) ^ V{R) + I/(|x|) ^ V{R - 1) + V{\x\ - 1) + 21/(1) ^ 4. 


inf 

ueUi, zeU3 


By Proposition 16.21 


< xd) ^ Cj 


z — u\ = y — {y — x)/2 — R ^ {y — x)/4. 

V{\x\ - l)A'(|x|) 


1 < X < R. 


<Td) ^ C 3 min 


iC(|x|),l Uc 4 P"(rB>l), 


(23) 


V{x)K{R) 

Since R ^ 2 then 1 = I/(i? — 1 ) ^ V{R) ^ 2 V{R — 1 ) ^ 2 , and by Lemma [231 R ^ ^ 

Next, by Lemma 12. 141 K{R) ^ ^ ~ implies that for all x : 1 < |x| < i?, 

V{\x\ - 1) 


p-i(i)- 


I/(|x|)V^-i(l)' 

where the last inequality follows from Theorem 15.51 By Proposition 16.11 and again by Theorem 

1531 

Let U 2 = D\{UiU U 3 ). By the estimates of ps{z — y) (see Lemma l63|) . 


iC(|x|),n ^C5P"(rD>l). 


sup Ps{z -y) = supp(s, {x - y)/2) ^ C 6 Pi(x - y). 
s<l,z&U2 s<l 
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Moreover by fl2^ . 


sup — u) ^ z/((x — y)/4:) z/(x — y) ^ cyPi{x — y). 

uGUi,zeU3 

Then, by Lemma [6.61 

Piix,y) ^ (IAE^tdJ sup iy{z-u)+ sup psiz - y)F^ (tdi < td) 

u&Di,z&D3 s<1,z&D2 

^ (C 5 C 7 + C4,cg)F^{td > l)pi{x - y). (24) 

Since, by Theorem 15.51 F^irr, > 1/2) F^irr, > 1) ~ F^Itd > 2) we arrive at (I2U]) by 
combining ([21]), (1221) and ([21. 

Finally, by the semigroup property and by applying the estimate fl2n|l . and from symmetry 
of the heat kernel, we have 

pf (x, y) ^ CsF^irn > 2)P^(rr, > 2)p2{x - y). (25) 

To get a general bound for any f, r > 0 we consider Yg = ^Xgt, s ^ 0. For such a process 
(hxing t and r) its characteristic exponent is = t'ip{u/r) so it has the same scaling 

characteristics as ■^(u). Let p^,p^’^ denote the transition densities for the free and killed 
process Y, respectively. We have p 2 t{x — y) = pX{{x — y)/r) and P 2 t{x,y) = p^’^{x/r,y/r). 
Moreover > 2) = P^(rrZ) > 2t). Hence applying fl2^ to Y we obtain 

PrDi 2 ,t,x,y) = pX’^{x/r,y/r) 

^ csFy/^irX > 2 )P"/'-(r^ > 2)pX{{x - y)/r) 

= CsFy{TrD > 2t)Fy{TrD > 2 t)p 2 t{x - y). 

Next we deal with the lower bound. 

Let R = where y is the constant from Proposition 16.41 Recall that 

P°(R-ii/4,R/4) > 1) ^ 1/2. (26) 

Also note that by LemmaESl 1/Cf ^ ^ V‘^{R) ^ (1 + ^ (1 + X^)Ci- 

Next, we dehne for every z E D, Uz = D H {—R,R) and = (3i?, 4i?) if \z\ < R/2 or 
Uz = {z — R/4:,z + i?/4) and Bz = {z + 2R, z + 3R), 2 ; > R/2 or Bz = {z — 3R, z — 2R), 
z < —R/2, otherwise. Note that V{\w\ — 1) ^ y{R) ^ l/C^i for uj G Bz- Hence, by [HI 
Corollary 3.5] we have 

pX{u,v) > C9(1/(|m| - 1) A l)(l/(|n| - 1) A 1 )pi(m - n) 

> C9CfV(w -v), uE B^,v E By. 

Moreover it is easy to check that \u — v\ ^ 2{{y — x) V R), hence pi{u — v)^ ciopi{x — y), which 
follows from Lemma 16.51 In consequence we have 

pf{u,v)^CuPiix-y), uEBz:,vEBy, (27) 

where Cn = C 9 CioCf^. By the semigroup property and (I27|) . 

= J p?Mp?(u,v)pnv,y)dudv 

^ Ciipi(a: —p) / Pi{x,u)du / p^{x,v)dv. (28) 

j Bx ^ By 
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Next for u G -B" which is an interval with the same center as B^, and has the length \B" 
\Bx\/2, we have by Lemma [6]6l 

Pi{x,u) ^ > l)P“(rB, > 1) inf u{z - u) ^ > l)u{5R). 

ueUx, zgBx 

Next note that, by fl26]l . 

> 1) ^ P°(r(_«/4,-R/4) > 1) ^ 1/2 


and 


r(Ti,. >i)» > 1), 

which follows from Proposition 16.41 for |x| ^ R/2 and from fl26|l for |x| > R/2. 
z/(5i?) Rv^(m) ~ arrive at 


Hence, nsing 



^ ci2^P"(rz, > 1) ^ ci3P"(rD > 1), 

4 ix 


since |i?"| ~ R. The above estimates combined with fl2S]) yield 

PD{3,x,y) ^ ciicl^pi{x - y)F^{TD > l)P^(r£, > 1). 

Finally, by observing that p^i^x — y) ^ pi(x — y) iLemma 16.5p and > 3) ~ F^{td > 1) 

(Theorem |53]), we arrive at 

PD{3,x,y) ^ CuF^{td > 3)p{3,x,y)Fy{TD > 3). 

Applying the same scaling argnment as nsed for the npper bonnd we conclnde for any t,r > 0, 

pl^{x,y) ^ ci4P'^(rrD > t)pt{x - y)Fy{TrD > t). 


The proof is completed. □ 

Remark 6. If we consider the semigronp killed npon hitting {0} then with the assnmptions of 
Theorem 16.71 we can obtain the following estimate of its transition density 

y) K. P"^(To > t)P^(To > t)pt{x -y), t > 0, x, y 7^ 0. 


This can be proved either by taking the limit in the estimates from Theorem 16.71 if r —)■ 0 or 
by proving directly following the steps of the proof above. 

Now, we snggest the following extension of Theorem 16.71 

Remark 7. Let JT be a pnre jnmp process. The assnmption of nnimodality of X can be removed 
by assnming certain estimates of the symmetric Levy density of X. Snppose that 




/(1/N) 

|x| 


x e M, 


where / : [0, 00 ) —)■ [0, 00 ) is non-decreasing and / G WLSC(a, 7 i) fl WUSC(/3, pi), 1 < a < 
(3 < 2. Then according to [3 Proposition 28] the characteristic exponent of X, ijj ~ /, so 
^|J G WLSC(a, 7 ) n WUSC(/3, p). Moreover, by the resnlt of Chen, Kim and Knmagai [13] we 
have 


pt{x)^f 


./(1/N) 


\x\ 


pt(0) At 


/(1/kl) 


X 


if] ^(1/t) A tu{x) 
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We also note that the renewal function of the ladder process is VV(x) ~ , ^ ^ 

Hence we conclude that Lemma 16.51 holds in this case. Moreover the density Pt{x) is almost 
non-increasing for x G (0, cxo) that is there is symmetric qt{x) non-increasing on (0, cxo) and a 
constant c > 1 such that 


c ^qt{x) ^ Pt{x) ^ cqt{x), t > 0,x G M. 

Therefore we can repeat, with necesarry slight modihcations, all the steps from the proof of 
Theorem 16.71 and obtain its conclusion in this case. The details are left to interested readers. 
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